Fluid Properties

Similarly, work done by the pressure at MM in moving the liquid to M'M’ = — p2.A2 . dI2
(— ve sign indicates that direction of p2 is opposite to that of p1)

-~ Total work done by the pressure
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which proves Bermoulli 5 equation.

which proves Bernoulli’s equation.

Assumptions:

It may be mentioned that the following assumptions are made in the derivation of Bernoulli’s
equation:

1. The liquid is ideal and incompressible.

2. The flow is steady and continuous.

3. The flow is along the stream line, i.e., it is one-dimensional.

4. The velocity is uniform over the section and is equal to the mean velocity.

5. The only forces acting on the fluid are the gravity forces and the pressure forces.
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EULER’S EQUATION FOR MOTION

. Consider steady flow of an ideal fluid along the stream tube. Separate out a small element of fluid of cross-sectional area dA and length ds
from stream tube as a free body from the moving fluid. Fig. shows such a small element LM of fluid of cross-section area dA and length ds.

. Let, p = Pressure on the element at L, p + dp = Pressure on the element at M, and V = Velocity of the fluid element.

. The external forces tending to accelerate the fluid element in the direction of streW as I’ Sreamling

. follows:
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. 1. Net pressure force in the direction of flow is, a8
. p.dA—(p +dp)dA=—dp.dA..(i)
. 2. Component of the weight of the fluid element in the direction of flowi

« =-p.g.dA.ds. cosB ™ >
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Mass of the fluid element = p.dd.ds 7]

The acceleration of the fluid element
_ AV _dv ds_pdv y
@ d a D)
w, according to Newton's second law of motion, Force = Mass % acceleration

—dpdd—pgdd dz = pdd ds x ¥ %
Dividing both sides by p.dd, we get:
2P _ g = Fav
P
or, E'pE L V.dV+g.dz = 0 (63)

This 15 the required Euler’s equation for mofion, and 15 in the form of differential equation.
Inteprating the above egn . we get: Department of Mechanical Engineering 188




Fluid Properties

% Iﬂ'l.'.‘:‘ + JE&:’I’ + Jgﬂ’: = constant
AS+ EE + gz = constant
Dividing by g, we get:
L T2 - constant
PE <&
or, E+§;—_—: = constant
w  2g
or, in other words,
n W _p W
H'+Eg+_' 11.=+Eg+Ez

which proves Bermoulili s equation.
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Fluid Properties

Euler’s equation in Cartesian coordinates:

Consider an infinitely small mass of fluid enclosed in an elementary parallelopiped of sides dx, dy and dz as shown in Fig. 6.3. The motion of
the fluid element is influenced by the following forces:

(i) Normal forces due to pressure: The intensities of hydrostatic pressure acting normal to each face of the parallelepiped are
shown in Fig. The net pressure force in the X-direction

p.dy.dz— (p :—%a’x} ay dz

ii) Gravity or body force: = — E_p ax .dy.dz
Let B be the body force per unit mass of fluid having components Bx , By and Bz in the X, Y and Z directions respectively.
Then, the body force acting on the parallelopiped in the direction of X-coordinate is = Bx .p.dx .dy. dz.
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Fluid Properties

(77} Imertia forces:
The inertia force acting on the flmd mass, along the A-coordinate is given by,

Mass * acceleration = p. dv . dy. dz. i

As per Newton's second law of motion summation of forces acting i the flmid element in any
direction equals the resulting inertia forces in that direction. Thus, along X-direction:

B, .p. dx.dy.dz — %F_ dx.dydz = p.dx.dv.dz. %
Dividing both sides by p dx.dy.dz, we have:
B, -1 lcp _ du N

p ox dt

In this equation each term has dimensions of force per unit mass or acceleration. Obviously the total acceleration in a given direction
is prescribed by the algebraic sum of the body force and the pressure gradient in that direction since the velocity components are
functions of position and time, i.e., u = f(x, y, z, t), therefore, the total derivative of velocity u in the X-direction can be written as:

Combining eqns. (7) and (#7), we get the force components as:  Thus, the Euler’s equation for a

du = ﬂa’r Ea’ +Ea‘|, +Ea’- g _lap _ou ou,  cu . .cu steady three-dimensional flow can
cx €y ez Y pex @ e&x dy &z be written as:
ﬂ — i_'_ﬂ "-ﬁ t:'ﬂ m + =2 cu dz Simularly, B, —l—é% = i—ufl_+v%+w% R
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Fluid Properties

In Euler’s equation each term represents force per unit mass. Thus, if each equation is multiplied by the respective projections of the
elementary displacement, the resulting equation would represent energy. Thus, in order to get total energy in the three-dimensional-
steady-incompressible flow, the energy terms can be combined as follows:

B, a‘x——gga‘x = H@dx+v@a&'+w@a‘x

s where, V = Total velocity vector.

pox ox 24 = When gravity is the only body force acting on
1¢ _ BV eV Y the third element, then:

B dy—==dy = u—dy +v—dy + w—d '

> Pa.}'y 31’@ 5}'@ 2z Y Bx=0,Bz=0andBy=-g
3 . ; By = — g since the gravitational force acts in

1¢ oW oW oW

B dz _Eédz = HZ;I dz +v &y . w%—zdz the downward direction which is negative ‘with’

respect to Y, which is positive upward. Inserting

From the equation of a stream line in a three-dimensional flow, we have: these values in (xviii), we get:

dx _ dy _dz
oo —g-—dp = 2 d(F)
udy = vax, vdz =wdy; udz =wdx P =
Substituting these values in eqns. (i), (X) and (x7). we get: or, —g- ldp = ViV
p
Bxa‘r—laid = H—dx+u—aj+ﬂﬂa" dp
cp "v 2y Pe ofr, - + Vdl+ g = 0 which is the same as Fuler’s
B},@——Edy vgdr +1Eaj, +1Ea‘d N keil)
- _l?g T o= E S E "." T
B dz pc:nd 11.ara’r+1*.,)}aj +W—udz -(xh)
2
Acceleration temms are of form :.r% which can be replaced by é C[,;r) Thus,
_lép . ll 8.2 £ Nz | = Lda? ;
B dx pé‘rdx 2[ {H}dx+,y(u]ajf+ﬁ( ]d} 2ﬁﬂ[ﬁ} -1
Similarly, B, dy— ——,-Eajf = E d(v) (i)
18p 1 i
and, Bodr— 522 go= = diw (vt
o= L a5 A0 (i
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