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Plane Stress variation



From the figure, we see that both the normal and shear
stresses reach maximum and minimum values at 90° intervals.

Not surprisingly, these maximum and minimum values are
usually needed for design purposes.

For instance, fatigue failures of structures such as machines
and aircraft are often associated with the maximum stresses,
and hence their magnitudes and orientations should be
determined as part of the design process

Special Cases of Plane Stress



The maximum and minimum normal stresses, called the  principal 
stresses, can be found from the transformation equation for the 
normal stress ߪ௫

By taking the derivative of ߪ௫ with respect to  ߠ and setting it equal 
to zero, we obtain an equation from which we can find the values 
of ߠ at which ߪ௫ is a maximum or a minimum. The equation for the 
derivative is

௫భߪ݀

ߠ݀
= ௫ߪ)− − (௬ߪ sin ߠ2 + 2߬௫௬ cos ߠ2 = 0

tan ௣ߠ2 =
2߬௫௬

௫ߪ − ௬ߪ

ߠ௣ is defines the orientation of the principal planes, that is, the 
planes on which the principal stresses act

Principal Stresses



Two values of the angle ௣ߠ2 in the range from 0 to 360° can be
obtained.

These values differ by 180°, with one value between 0 and 180°
and the other between 180° and 360°. Therefore, the angle up has
two values that differ by 90°, one value between 0 and 90° and the
other between 90° and 180°.

The two values of up are known as the principal angles. For one of
these angles, the normal stress ௫ଵߪ is a maximum principal stress; for
the other, it is a minimum principal stress.

Because the principal angles differ by 90°, we see that the
principal stresses occur on mutually perpendicular planes.

Principal Stresses



The principal stresses can be calculated by substituting  each of 
the ߠ௣ two values of up into the stress-transformation equation

tan ௣ߠ2 =
2߬௫௬

௫ߪ − ௬ߪ

 From above equation we can constructed the following right
angled triangle

Principal Stresses

௫ߪ − ௬ߪ

2

߬௫௬

௣ߠ2



௫భߪ =
௫ߪ + ௬ߪ

2
+

௫ߪ − ௬ߪ

2
cos ߠ2 + ߬௫௬ sin ߠ2

Using the triangle of previous slide we can rearrange the above 
equation to get principle stresses

=ଵ,ଶߪ 
௫ߪ + ௬ߪ

2
 ±

௫ߪ − ௬ߪ

2

ଶ
+ ߬௫௬

ଶ

 If we substitute ߠ௣ in shear stress transformation equation then we 
get 

߬௫௬ = 0

The shear stresses are zero on the principal planes

Principal Stresses and Shear Stresses on principle planes



 By taking the derivative of ߬௫ with respect to  ߠ and setting it equal to zero, we 
obtain an equation from which we can find the values of ߠ at which ߬௫ is a 
maximum positive and negative. The equation for the derivative is

݀߬௫௬

ߠ݀
= − ௫ߪ − ௬ߪ cos ߠ2 − 2߬௫௬ sin ߠ2 = 0

tan ௦ߠ2 = −
௫ߪ − ௬ߪ

2߬௫௬

 On comparing with tan ௣ߠ2 we can drive the following relations
௦ߠ2 − ௣ߠ2 = ±90଴

The planes of maximum shear stress occur at 45° to the principal planes.

߬௠௔௫/௠௜௡ = ±
௫ߪ − ௬ߪ

2

ଶ
+ ߬௫௬

ଶ

߬௠௔௫ =
ଵߪ − ଶߪ

2

Maximum Shear Stresses



the maximum shear stress is equal to one-half the difference of the

principal stresses

The planes of maximum shear stress also contain normal stresses. 
The  normal stress acting on the planes of maximum positive shear 
stress can be determined by substituting the expressions for the 
angle

௔௩௚ߪ =
௫ߪ + ௬ߪ

2
=

ଵߪ + ଶߪ

2

Maximum Shear Stresses



Q1 An element in  plane stress (see figure) is subjected to stresses 
, ௫ߪ ௬ ܽ݊݀ ߬௫௬ߪ

(a) Determine the principal stresses and show them on a sketch of a 
properly oriented element. 

(b) Determine the maximum shear stresses and associated normal 
stresses and show them on a sketch of a properly oriented element.

i.

ii.

iii.
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