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Consider a small element of material having sides of lengths a, b,
and c in the x, y, and z directions, respectively.

 If the only deformations are those in the xy plane, then three

strain components may exist
 the normal strain ߳௫ in the x direction
 The normal strain ߳௬ in the y direction, and

 The shear strain ௫௬ߛ

Plane Strain



 If the only deformations are those in the xy plane, then three strain 
components may exist—߳௫ , ߳௬, ௫௬ߛ (߳௭ = 0, ௭௬ߛ = ௭௫ߛ = 0) An element 
of material subjected to these strains (and only these strains) is said 
to be in a state of plane strain
 Under ordinary conditions plane stress and plane strain do not occur 

simultaneously

 When ߪ௫ = ௬ߪ− Plane Stress and Plane Strain occur simultaneously

 the transformation equations for plane stress can also be used for 
the stresses in plane strain because ߪ௭ does not enter the equations 
of equilibrium used in derivation

Similarly the transformation equations for plane strain can also be 
used for the strains in plane stress

Plane Strain



Place Stress Vs Place Strain



 In the derivation of the transformation equations for plane strain,
we will use the coordinate axes shown below.

We will assume that the normal strains and the shear strain
associated with the xy axes are known.

The objectives of our analysis are to determine the normal strain
and the shear strain associated with the axes, which are rotated
counterclockwise through an angle ߠ from the xy axes

Transformation Equation for Plane Strain



First we will find out Normal strain  ߳௫భ . 

To determine the normal strain  ߳௫భ in the  x1 direction, we consider 
a small element of material selected so that the x1 axis is along a 
diagonal of the z face of the element and the x and y axes are 
along the sides of the element

 The Procedure required 4 steps
1. Find out the elongation in diagonal due o ߳௫

2. Find out the elongation in diagonal due o ߳௬

3. Find out the elongation in diagonal due o ߛ௫௬

4. Get the total elongation to get the strain along diagonal

Transformation Equation for Plane Strain: Normal Strain



 Step 1

Transformation Equation for Plane Strain : Normal Strain



Step 2
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Step 3

Transformation Equation for Plane Strain : Normal Strain



 Step 4

The total increase ∆݀ in the length of the diagonal is the sum of the

preceding three expressions; thus,
∆݀ = ߳௫݀ݔ cos ߠ + ߳௬݀ݕ sin ߠ + ݕ௫௬݀ߛ cos ߠ

therefore strain ߳௫భ

߳௫భ =
∆݀
ݏ݀

= ߳௫
ݔ݀
 ݏ݀

cos ߠ + ߳௬
ݕ݀
ݏ݀

sin ߠ + ௫௬ߛ
ݕ݀
ݏ݀

cos ߠ

but
ݔ݀
 ݏ݀

= cos , ߠ
ݕ݀
ݏ݀

= sin ߠ

Hence
߳௫భ = ߳௫ cosଶ ߠ + ߳௬ sinଶ ߠ + ௫௬ߛ sin ߠ cos ߠ

If we ߠ = 90଴ + ߠ in the above equation we will get the value of ߳௬భ

Transformation Equation for Plane Strain : Normal Strain



This strain is equal to the decrease in angle between lines in the 
material that were initially along the x1 and yl axes. 

From figure, let Oa represent a line that initially was along the xl axis 
(that is, along the diagonal of the element. 

The deformations caused by the strains ߳௫ , ߳௬ܽ݊݀ ߛ௫௬ cause line  Oa 
to rotate through a counterclockwise angle ࢻ from the xl axis to 
the position shown. 

Similarly, line Ob was originally along the yl axis, but because of the 
deformations it rotates through a clockwise angle ߚ .

The shear strain ߛ௫భ௬భ is the decrease in angle between the two 
lines that originally were at right angles; therefore

௫భ௬భߛ = ߙ + ߚ

Transformation Equation for Plane Strain : Shear Strain



Transformation Equation for Plane Strain : Shear Strain



Transformation Equation for Plane Strain : Shear Strain



ଵߙ = ߳௫
ݔ݀
ݏ݀

sin ߠ

ଶߙ = ߳௬
ݕ݀
ݏ݀

cos ߠ

ଷߙ = ௫௬ߛ
ݕ݀
ݏ݀

sin ߠ

ߙ = ଵߙ− + ଶߙ − ଷߙ

ߙ = −߳௫
ݔ݀
ݏ݀

sin ߠ + ߳௬
ݕ݀
ݏ݀

cos ߠ − ௫௬ߛ
ݕ݀
ݏ݀

sin ߠ

ߙ = − ߳௫ − ߳௬ sin ߠ cos ߠ − ௫௬ߛ sinଶ ߠ

Similarly
ߚ = − ߳௫ − ߳௬ sin ߠ cos ߠ + ௫௬ߛ cosଶ ߠ

௫భ௬భߛ = −2 ߳௫ − ߳௬ sin ߠ cos ߠ + ௫௬(cosଶߛ ߠ − sinଶ (ߠ
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߳௫భ =
߳௫ + ߳௬

2
+

߳௫ − ߳௬

2
cos ߠ2 +

௫௬ߛ

2
sin ߠ2

௫భ௬భߛ

2
= −

߳௫ − ߳௬

2
sin ߠ2 +

௫௬ߛ

2
cos ߠ2

߳௬భ =
߳௫ + ߳௬

2
−

߳௫ − ߳௬

2
cos ߠ2 −

௫௬ߛ

2
sin ߠ2

߳௫భ + ߳௬భ = ߳௫ + ߳௬
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