


MEPS102:Strength of Material

Lecture 12

Topic:12. State of Plane Strain




Plane Sirain

v Consider a small element of material having sides of lengths a, b,
and cinthe x,y, and z directions, respectively.

v If the only deformations are those in the xy plane, then three

v strain components may exist
v the normal strain €, in the x direction
v The normal strain €, in the y direction, and

v The shear strain y,,,
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Plane Strain

v If the only deformations are those in the xy plane, then three strain
components may exist—ey, €y, ¥yy (€2 = 0,¥2zy = ¥z = 0) An element
of material subjected to these strains (and only these strains) is said
to be in a state of plane strain

v Under ordinary conditions plane stress and plane strain do not occur
simultaneously

v When g, = —o,, Plane Stress and Plane Strain occur simultaneously

v the transformation equations for plane stress can also be used for
the stresses in plane strain because g, does not enter the equations
of equilibrium used in derivation

v Similarly the transformation equations for plane strain can also be
used for the strains in plane stress
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Transformation Equation for Plane Strain

v'In the derivation of the transformation equations for plane strain,
we will use the coordinate axes shown below.

v We will assume that the normal strains and the shear strain
associated with the xy axes are known.

v'The objectives of our analysis are to determine the normal strain
and the shear strain associated with the axes, which are rotated
counterclockwise through an angle 6 from the xy axes
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Transformation Equation for Plane Strain: Normal Sirain

v First we will find out Normal strain €x, -

v’ To determine the normal strain €, in the X, direction, we consider
a small element of material selected so that the x; axis is along @
diagonal of the z face of the element and the x and y axes are
along the sides of the element

v" The Procedure required 4 steps
1. Find out the elongation in diagonal due o ¢,

Find out the elongation in diagonal due o ¢,

Find out the elongation in diagonal due 0 y,,,
Get the total elongation to get the strain along diagonal
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Transformation Equation for Plane Strain : Normal Sirain

v Step 1
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Transformation Equation for Plane Strain : Normal Sirain

v Step 2




Transformation Equation for Plane Strain : Normal Sirain

v Step 3




Transformation Equation for Plane Strain : Normal Strain

v Step 4
The total increase Ad in the length of the diagonal is the sum of the

preceding three expressions; thus,
Ad = €xdx cos@ + €,dysin6 + y,, dy cos6

therefore strain e,

Ad dx y y
€x, = E_Exds cosH+eyd—51n0+yxyd cos 6
but
dx dy _
E=cos€ ,E=sm0
Hence

€x, = Ex C0S* 0 + €, 5in* O + ¥y, sin O cos 6

If we 8 = 90° + 6 in the above equation we will get the value of €,




Transformation Equation for Plane Strain : Shear Sirain

v'This strain is equal to the decrease in angle between lines in the
material that were initially along the x; and y, axes.

v From figure, let Oa represent a line that initially was along the x, axis
(that is, along the diagonal of the element.

v'The deformations caused by the strains €, , €,and y,, cause line Oa
to rotate through a counterclockwise angle a from the x; axis to
the position shown.

v Similarly, line Ob was originally along the y, axis, but because of the
deformations it rotates through a clockwise angle g .

v'The shear strain y, . is the decrease in angle between the two
lines that originally were at right angles; therefore

yxlyl = a +ﬁ




Transformation Equation for Plane Strain : Shear Strain




Transformation Equation for Plane Strain : Shear Strain
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Transformation Equation for Plane Strain : Shear Strain

dx

al—exgsme
dy
a2=eyEc059
dy
ag—yxyEsmH
a=—a;+a, —as
o dx dy y
a = —exdssm9+eyd—cos¢9 yxygsme

a = —(ex — ey) sin 6 cos 6 — Yy, sin? 6

Similarly
B =—(€x —€,)sin6cosf + vy, cos® O

Yary, = Z(Ex = ey) sin 6 cos 6 + yxy(cos 6 — sin? 0)




Transformation Equations

_ex+ey
u=T 5 Tt
VX1Y1__Ex_Ey . Vx_y

5 = > sin 260 + 2C0829
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== Y g ycosZH—)/;—ysinZH

€x — €y

cos 260 + yxTy sin 260

EJ’l 2 2
€x, + €y, = €y ~+ €y




/.7-1 A thin rectangular plate in biaxial stress is subjected
to stresses 0, and o, as shown in part a of the figure. The
width and height of the plate are » = 190 mm and
h = 63 mm, respectively. Measurements show that the

normal strains in the x and y directions are
g, = 285 X 107®and ¢, = —190 X 1078, respectively.

With reference to part b of the figure, which shows a
two-dimensional view of the plate, determine the following
quantities.

(a) The increase Ad in the length of diagonal Od.

(b) The change A¢in the angle ¢ between diagonal Od
and the x axis.

(c) The change Ay in the angle y between diagonal
Od and the y axis.
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/.7-3 A thin square plate in biaxial stress 1s subjected to
stresses 0, and ¢, as shown in part a of the figure. The
width of the plate 1s » = 300 mm. Measurements show

that the normal strains in the x and y directions are

€, = 427 X 1076 and Z 1076, respectively.
With reference to part b of the figure. which shows a

two-dimensional view of the plate, determine the following

quantities.

(a) The increase Ad in the length of diagonal Od.

(b) The change Ag in the angle ¢ between diagonal Od
and the x axis.

(¢) The shear strain y associated with diagonals Od
and ¢f (that 1s, find the decrease in angle ced).
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/.7-5 An element of material subjected to plane strain (see
280 X 1076, ¢ = 420 X 107,

figure) has strains of £_

and 7 = 150 X 1076,
Calculate the strains for an element oriented at an
angle @ = 35° Show these strains on a sketch of a prop-

erly oriented element.




if b = 225 mm,
g, = 845 x 107% and g, = 211 X 107°.

With reference to part b of the figure, which shows a
two-dimensional view of the plate, determine the following
quantities.

(a) The increase Ad in the length of diagonal Od.

(b) The change Ao in the angle ¢ between diagonal Od
and the x axis.

(¢) The shear strain y associated with diagonals Od
and cf (that 1s, find the decrease in angle ced).
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e =190 X 1076, ¢ = —230 X 106, y_ = 160 X 1075,

and 8 = 40°.
Calculate the strains for an element oriented at an
angle @ = 35° Show these strains on a sketch of a prop-

erly oriented element.
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